In Fig. S2 , the HDNNP energies of the full structures-set are compared with the reference DFT energies. As can be observed, for HDNNP A, B and F all points lie close to the line with slope 1, which corresponds to a perfect fit. For HDNNP C, D and E the deviations from the perfect line above 200 meV is considerable. This behavior is not surprising because those HDNNPs were not trained with path integral MD data, which ultimately proves the necessity to include those data points in the training set. energies for the full structures set. Only the HDNNP F was trained with the full set (see Table 2 in the main manuscript.)
B. Static values
In For the sake of comparison, no correction of the barrier height data was applied here.
D. Equilibrium time-independent properties
In Fig. S3 we show the comparison of the quantum potential energy probability density at 290K between DFT and the HDNNP ensemble.
S5 In Fig. S5 we show the IR spectra obtained with TRPMD at 290K for DFT and selected
HDNNPs. It can be seen again an overall good agreement between the different HDDNPs and DFT. Discrepancies appear around 1250 cm −1 , but in this case the three HDNNPs give a consistent result. In order to understand whether this difference comes from the HDNNP or the KRR model, we show in Fig. S6 the collective VDOS (CVDOS) as defined in Ref. 3 , in which cross terms involving different degrees of freedom are included. The difference between the IR and CVDOS comes only from the dipole selection rules and eventual nonlinear dependencies of the dipoles with respect to positions, but it is a much closer quantity to the IR than the VDOS. As can be observed in Fig. S6 , the agreement between DFT and HDNNPs is much better, which shows that errors in the KRR model are responsible for the discrepancy. Since the discrepancy in both VDOS and IR spectra takes place on small and localized regions that are not main focus of this paper, we decided to not improve further the HDNNPs.However, these errors in the low frequency region may be the responsible for lack of agreement of the fine structure in the NH vibration peak. 
III. EQUILIBRIUM GEOMETRICAL PROPERTIES
Equilibrium nitrogen-nitrogen probability density distributions are reported in Fig. S8 .
As reported in the main text it can be observed the shift towards higher distance with the increase of the temperature. Additionally, an overall broadening in the quantum distribution with respect to the classical one is observed. 
IV. FULL FREQUENCY RANGE IR AND VDOS SPECTRA
The quantum and classical IR spectra for Pc-d0 and Pc-d12 are shown in Fig. S9 and S10 respectively. As mentioned in the main text, the observed temperature induced frequency shifts are in close agreement with the corresponding ones observed in the VDOS, which is also shown in its full range in Figs. S11 and S12. All data was obtained with HDNNP B and the KRR model. 
V. VIBRATIONAL PERTUBATION THEORY CALCULATIONS
We performed second-order vibrational perturbation theory (VPT2) calculations using reported standard procedures 4-6 with the HDNNP. We have calculated the whole procedure through 5-point finite differences, since we did not derive an analytical expression for the Hessian from the HDNNP. In For all CH-stretch modes, we find the most intense couplings (greater than 10 cm −1 ) at lower frequencies to various CH-bending modes lying between 775 cm −1 to 1096 cm −1 .
